It is shown that the Schrödinger-Pauli (SP) equation is invariant with respect to algebra gl(4, C) provided the vector-potential of an external field has definite parities. This invariance algebra is used to reduce the SP equation to uncoupled subsystems and to search for extended and generalized supersymmetries. 
Introduction
Many of prosperous approaches to investigation of partial differential equations include search for their symmetries. In addition to many other important applications, symmetries often make it possible to reduce a given problem to a more simple one or even to construct its exact solution [1] .
Such a reduction can be carried out using discrete symmetries like parity, charge conjugation, or rotations on angle π. The algebraic structures generated by these symmetries for the Dirac equation where studied in papers [2, 3] .
Discrete symmetries present effective tools in searching for models which admit supersymmetry (SUSY) and generalized SUSY [4] . The idea to use the parity operator to construct supercharges was proposed long time ago [5] , recently this approach was generalized and applied to search for extended SUSY in quantum mechanical problems, refer to ref. [2, 6, 7] . A specific feature of such generalization is using combined parities and rotations as structure elements of supercharges.
In the present paper we investigate discrete symmetries of the basic equations of the nonrelativistic quantum mechanics, i.e., the Schrödinger and Schrödinger-Pauli (SP) equations. The algebraic structures of these symmetries are analyzed, the complete list of the related reductions of the SP equation is presented. A new class of problems for the SP equation is found which generate extended SUSY.
Discrete symmetries
Let us investigate symmetry properties of the SP equation 
We will use the notation x → r ν x for transformations of four-vector x = (x 0 , x 1 , x 2 , x 3 ) provided its components are transformed in accordance with (2) .
Equation (1) is invariant w.r.t. a transformation x → r 0 x or x → r a x for a fixed a = 1, 2, 3 provided the parity of the vector-potential A = (A 0 , A 2 , A 2 , A 3 ) is given by one of the following relations
or
respectively. The action of matrices r 0 and r a on the four-vector A is defined in the same way as in the case of the four-vector x.
The corresponding transformation for the wave function ψ(x) has the form
where Γ 0 = iσ 2 cθ 0 , Γ a = σ a θ a , a = 1, 2, 3 (no sum over a), θ µ and c are operators of reflection and complex conjugation:
Indeed, operators Γ µ satisfy the condition [L, Γ µ ] = 0 and so transform solutions of (1) into other solutions of this equation.
Consider the 16-dimensional finite group G generated by reflections (2) and their products. The related symmetries of equation (1) are expressed via products of operators Γ µ (4) and form a projective unitary and antiunitary [8] representation of group G with the following basis elements
where I is the unit operator. Equation (1) admits all symmetries (6) provided the related vector-potential satisfies all relations (3) simultaneously.
Taking into account that operators (4) satisfy the Clifford algebra Γ k Γ l + Γ l Γ k = 2g kl where g 00 = g 11 = g 22 = g 33 = −g 44 = 1, g kl = 0, k = l, we conclude that symmetries (6) satisfy the following commutation relations
with k, l, m, n, = 0, 1, ..., 5 and g 55 = −1.
In accordance with (7) operators S kl realize a representation of the Lie algebra so(3, 3) ∼ sl (4, R) . This algebra can be extended by adding products of symmetries (6) and the imaginary unit i, i 2 = −1. Taking into account that i = Γ 1 Γ 2 Γ 3 P and [P, L] = 0 where P = θ 1 θ 2 θ 3 , we obtain the additional set of symmetrieŝ
whose commutation relations have the form
Relations (7), (9) define a 32-dimensional Lie algebra which is equivalent to gl (4, C) . Thus, if parities of the vector-potential satisfy all relations (3a) and (3b), the corresponding SP equation admits the symmetry algebra gl (4, C) . An example of the external field with such properties is the superposition of retarded and advanced plane waves with
where r = r 0 r 1 r 2 r 3 . Supposing that the vector-potential satisfies only a part of relations (3), (10), we reduce the related symmetry of the SP equation. The corresponding symmetry algebra is a subalgebra of gl (4, C) .
In Sections 4 and 5 we use the symmetries described in the above in order to reduce the SP equation.
Stationary SP equation
Consider now the stationary SP equation
where E is an eigenvalue of the Hamiltonian, and external field is supposed to be time independent:
The number of independent variables for equation (11) is reduced to 3. The corresponding finite group of reflections of spatial variables is 8-dimensional and includes the following representativities
where a = 1, 2, 3, r a generates the reflection of the component of x with number a, etc. In order to equation (11) be invariant w.r.t. one of transformations (12), A 0 ( x) has to be invariant under this transformation, and A( x) has to have a definite parity. All these parities and the related symmetries of equation (11) are given by the following equations
Here C = iσ 2 c, Γ a , θ a and c are defined in (4), (5) . If A( x) has definite parities w.r.t. two of transformations (12), it also has the fixed parity w.r.t. the product of these transformations. The related equation (11) is invariant under the three-dimensional Lie algebra of discrete transformations. If, for example, two of relations (13a) are satisfied (we will refer to this case as "(13a)+(13a)"), i.e.,
then equation (11) admits the symmetry algebra so(3) generated by
In analogous way we find that the symmetry algebra so(3) corresponds also to the case of parities (13b)+(13b) which are defined in analogy with (15). For the parities (13a)+(14a), (13a)+(14c), (13c)+(14a), (14a)+(14a) and (13b)+(14b) the related symmetry algebras are isomorphic to so (1, 2) , and for the case (13b)+(13b) we have the Abelian algebra of discrete symmetries.
The most extended symmetry algebras correspond to the cases when A( x) admits three independent conditions from the set (13), (14). If conditions (13a) are satisfied for all a = 1, 2, 3 (the case "(13a)+(13a)+13a)", i.e.,
then the related equation (11) admits the symmetry algebra so(4) ⊕ u(1) whose basis elements are
For the cases when parities of A( x) are of the types (13a)+(13a)+(14a), (13a)+(14b)+(14b) or (14b)+ (14b)+(14b), the corresponding symmetry algebra for equation (11) reduces to so(1,
Let us present the related sets of symmetries explicitly:
We see that if the vector-potential of an external electromagnetic field has combined parities w.r.t. transformations (12), the corresponding stationary SP equation is characterized by internal symmetry algebras which cause degenerations of energy values. It is possible to show that the most extended (four times) degeneration corresponds to the cases described by relations (16), (18), (19) and (20) . The examples of external fields satisfying these relations are given by the followimg formulae:
and
Vector-potentials (21), (22), (23) and (24) correspond to the fields of magnetic octopole [7] , infinite stright condactor with a constant current I, directed along the third coordinate axis, two stright conductors with opposite constant currents directed along the third co-ordinate axis and shifted to the distance b w.r.t. x 1 x 3 plane, and four stright condactors (two neihbouring ones have opposit currents) directed along the third coordinate axis and shifted to the distance b w.r.t. the coordinate axis x 1 and x 2 , see figers a, b, c and d respectively.
Reduction of the SP equation
The symmetries found above can be applied to reduce the SP equation to uncoupled subsystems. Here we consider an example of such reductions.
Let the vector-potential A(x) satisfies relations (3b) for a = 1. In this case equation (1) admits the symmetry 2S 51 = σ 1 r 1 .
Using the operator
we reduce 2S 51 to the diagonal matrix form
The corresponding transformed equation (1) looks as
It follows from the above that [L , σ 3 ] = 0 and so in accordance with Schur's lemma L is diagonal too. Indeed, by direct calculation we obtain
i.e., equation (27) decouples to two independent equations for ψ + = 1 2
(1 + σ 3 ) ψ and
Let the vector-potential satisfies one more parity condition, say (10a) for a = 2. The corresponding symmetry 2S 42 = −icθ 0 θ 2 commutes with S 51 and so we can diagonalize S 51 and S 42 simultaneously. Using for this purpose the operator
we obtain (1 + νσ 3 ) (1 + P ) ψ , ν, = ±1.
Complete list of reductions and subalgebras of algebra gl(4, C)
Thus, to reduce equation (1) to uncoupled subsystems it is sufficient to diagonalize the related set of commuting symmetries (6), (8) which are admitted by this equation.
It is necessary to note that only a part of discrete symmetries discussed in Section 2 can be used to reduce equation (1) . Some of them, say S 50 , cannot be transformed to a diagonal matrix form. In addition, without loss of generality it is possible to reduce the number of symmetries which generate reductions, using the equivalence relationŝ
where
the operator commuting with L of (1) for any vectorpotential A(x).
To describe effectively all reductions generated by discrete symmetries (6) , (8) we use the isomorphism of algebra (7), (9) to the matrix algebra gl (4, C) . This isomorphism can be established by the following relations
where k, l = 0, 1, 2, 3, 4,
0 and I are zero and unit matrices of appropriate dimension. Algebra gl(4, C) includes 32 real matrices γ k ,γ kγl ,Pγ k ,Pγ kγl ,P ,Ĩ , moreover, 20 of them are symmetric and 12 antisymmetric.
Antisymmetric matrices are no diagonalizable over the field of real numbers, thus it is sufficient to consider only symmetric ones, i.e., γ a ,γ 4γa ,γ 0γa ,Ĩ,Pγ a ,Pγ 4γa ,Pγ 0γa ,P .
The related set of symmetries of equation (1) iŝ
The trivial unit symmetry operator cannot be used to reduce equation (1), thus without loss of generality we can exclude from (33) the unit matrix. We exclude also all terms which include γ 4 inasmuch as
(1 +γ 4γ0 ). The corresponding symmetries of equation (1) are connected by the equivalence transformation (31).
Thus, starting with the algebra gl(4, C) we select the diagonal matrixP and 12 symmetric matricesγ
whose number cannot be reduced using transformation (35). In accordance with (34), the corresponding symmetries of the SP equation are P and
Any of these 13 symmetries are diagonalizable and generate reductions of the SP equation to two uncoupled subsystems. An example of such a reduction is given in Section 4.
We note that the sets (34), (37) can be obtained by the following reductions of algebra gl (4, C) :
A basis of the subalgebra sp(2, C) is generated by the set S = γ µγν ,γ 4γµ ,Pγ µγν ,Pγ 4γµ , which satisfy the condition (Qγ 0γ4 ) † = Qγ 0γ4 , Q ∈ S. In other words, multiplying any element of S byγ 0γ4 we obtain the set of symmetric matrices (33). Matrices 1 ±P γ µγν andγ 0γ4 form commuting subalgebras so (1, 3) and one-dimensional algebra which we denote by d (1) . Products of matrices belonging to S withγ 0γ4 generate the set of 12 symmetric matrices (36).
Let us present the explicit form of operators which reduce the SP equation:
The operators U presented in the table diagonalize the corresponding symmetries and reduce equation (1) to two uncoupled subsystems. Such a reduction can be made in analogy with (25)-(27).
Multiple reductions
If equation (1) admits two or more commuting symmetries from set (34), we can diagonalize them simultaneously. Such a diagonalization generates a product of reductions of equation (1), i.e., multiple reductions. An example of a multiple reduction is given by relations (29), (30).
To enumerate all multiple reductions generated by discrete symmetries it is sufficient to find all nonequivalent subsets of commuting operators from set (34). Taking into account that operators (34) with non-coinciding indices commute we find the following doublets and triplets of commuting symmetries
where a and b are fixed, a = b. Using the equivalence relations
and relations (38), it is easily to prove that all other doublets and triplets of commuting symmetries (34) are equivalent to ones enumerated in (39). Equation (1) admits a doublet of symmetries from set (39) provided the vectorpotential A µ (x) satisfies two (or three) the corresponding parity conditions present in the table. If so, the related equation (1) can be decoupled to four (or eight) uncoupled subsystems. The corresponding transformation operators is a product of operators U given in the table. In accordance with (39) there exist 24 different reductions to four subsystems and 6 different reductions to eight subsystems.
We notice that the sets (39a) can be obtained by the following continuation of algebraic reductions (36):
where subalgebras so (3) have to contain at least one antiunitary (i.e., including complex conjugation) operator. These subalgebras are generated by products of operators (39a) with S 40 P . The sets (39b,c) include the parity operator which does not appear in reductions (40).
Symmetries and reductions of the Schrödinger equation
Here we consider the usual Schrödinger equation for a spinless particlê
and describe its possible reductions with using discrete symmetries. Let the vector-potential A(x) satisfies one of relations (3a), (10a), (10c), (10e). The corresponding equation (41) admits one of the following symmetry operators
respectively. Here c and θ µ are operators defined in (5), b, c = a. If A(x) satisfies one of relations (3b), (10b), (10c) then equation (41) admits one of the symmetries
Using the transformation Q
respectively and can be reduced to uncoupled subsystems for ψ ± = 1 2
(1 ± Q A ) where multiindex A takes the values a, ab, 123.
All operators (42), (43) commute, so we can make multiple reductions provided A(x) satisfies two or more of relations (3), (10) simultaneously.
Extended and generalized SUSY
All discrete symmetries analyzed in Sections 3 are evidently valid for the particular case A 0 = 0, g = 2. The related SP equation
admits additional symmetry operators which are called supercharges. For any A a ( x), there exists the following supercharge for equation (44) (whose square is equal toĤ):
If vector-potential A( x) has definite parities, i.e., satisfies relations (13c) or (14c), than there exist the second supercharge Q 2 = iP Q 1 or Q 2 = iP Q 1 respectively [5] . These supercharges satisfy the superalgebra [9] Q,Q = 2Ĥ,
It was demonstrated in [2, 6, 7] that superalgebra (45) can be extended provided A( x) satisfies two or more relations (13), (14) simultaneously. Using algebras of discrete symmetries discussed in Section 3, it is easy to construct classes of models with extended (i.e., including more than two supercharges) SUSY, which are wider than classes considered in papers [2, 7] , where only parities of type (13) (but no of type (14)) where analyzed. Here we present some examples.
Let A( x) satisfies relations (19). Then equation (44) admits four supercharges
Supercharges (46) with non-coinciding indices anticommute, the other commutation and anticommutation relations for them are analogous to (45).
Thus, relations (19) define a class of vector-potentials for which equation (44) admits extended N = 4 SUSY. In addition to (22), this class includes such important particular cases as the constant magnetic, solenoidal, and magnetic dipole field. The related vectorpotentials have the forms
c ) 3 respectively (we do not specify coupling constants λ a ). These potentials obviously satisfy relations (19).
The other example of the vector-potential which corresponds to magnetic octopole field (21) and generate extended SUSY for equation (44) was presented in paper [7] . The related parities of A( x) are defined by relations (18).
Discussion
We investigate algebraic structures generated by discrete symmetries of the SP equation and prove that they form a basis of algebra gl (4, C) .
These internal symmetries can be used to predict the related degeneration of Hamiltonian spectra and to reduce the SP equation to uncoupled subsystems. To enumerate all possibilities arising in this way make reductions of algebra gl(4, C) on its subalgebras, refer to Sections 5, 6 .
The other interesting application of discrete symmetries is connected with searching for extended or generalized [4] supersymmetry of the SP equation. The possibility of using of different kinds of parity operators to construct supercharges was discovered long time ago [5] . Recently this idea was applied in searching for extended SUSY of the Dirac [2, 6] and SP [7] equations.
The symmetry algebra gl(4, C) opens additional possibilities in searching for extended SUSY. Indeed, basis elements of this algebra are involutions which either commute or anticommute with the "standard" supercharge σ · π, so their products with σ · π can generate new supercharges. The above mentioned involutions can be applied also to construct models admitting generalized SUSY [4] .
We notice once more, that the symmetry algebra gl(4, C) includes reflections and pure rotations as well. It is possible to generate models with extended SUSY asking for definite properties of A( x) w.r.t. these rotations. Such models cannot be obtained either in approach [5] or [7] . σ · π and P ab are operators defined by relations (13b). An example of the external field with such symmetries is given by the superposition of potentials (21) and (24).
The symmetry algebra gl(4, C) is admitted by the SP equation for a wide class of external fields, whose potentials satisfy relations (3). This class includes the Coulomb potential and different kinds of vector-potentials whose space components are odd functions of t and x a . An example of such a potential is given in Section 2.
Algebra of discrete symmetries of the Dirac equation (which is equivalent to gl(8, R)) was analyzed in papers [2, 3] .
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